Abstract. Spatial interaction modeling can be embedded in the framework of statistical thermodynamics. This has been shown in part by Wilson and by Erlander, in particular. However, to complete the embedding, it is necessary to ask the dynamic question of how a migratory population evolves over time from one (observed) distribution at time t 0 to another (observed) distribution at time t x , rather than just the question of how many people who started in one area at t 0 ended in another at t x -with no regard to the intermediate locations of the migrants. The manner in which such evolutionary processes are addressed in the context of equilibrium and nonequilibrium thermodynamics serves as a basis for extending the spatial interaction model of human movement. Wilson (1970) and Erlander (1980) have made pioneering contributions to spatial interaction modeling, in applying the concepts of entropy and energy (travel cost)-see Erlander and Stewart (1990) for a recent review. It is the thesis here, nonetheless, that the analogy and interplay between spatial interaction and such statistical thermodynamic concepts can beneficially be considerably extended, through posing certain questions of spatial interaction dynamics. In particular, doubly constrained spatial interaction models will be placed in a dynamic setting.
Introduction
and Erlander (1980) have made pioneering contributions to spatial interaction modeling, in applying the concepts of entropy and energy (travel cost)-see Erlander and Stewart (1990) for a recent review. It is the thesis here, nonetheless, that the analogy and interplay between spatial interaction and such statistical thermodynamic concepts can beneficially be considerably extended, through posing certain questions of spatial interaction dynamics. In particular, doubly constrained spatial interaction models will be placed in a dynamic setting.
In the Wilson-Erlander framework (in the context of interregional migration, as contrasted with trip distribution), one is given the population distribution over n geographic areas at two points in time (t 0 and t x ), and one estimates-maximizing entropy subject to an energy constraint (Wilson) or minimizing energy subject to an entropy constraint (Erlander) -the number of migrants who lived in one area at t 0 and in another area at t x . I would like as my basic approach to broaden this problem to that of estimating the number of migrants who lived in one area at t 0 and in another area at t l9 and in any specific set of(r-l) (r > 1) of the n areas at the [r-1) intervening times, t 1/r , ..., t {r . 1)/r [allowing for repetition (staying)]. [Weidlich and Haag (1988) , in their master-equation approach, model the time rate of change of the probability of migrating from one area to another, whereas Nicholson (1990) demonstrates the desirability of tracing the time path of migrants rather than simply relying upon recorded migration tables.] I will discuss here several approaches to this extended problem, drawing upon concepts of equilibrium and nonequilibrium statistical thermodynamics. Those readers less familiar with the terminology employed, are invited to consult the referenced thermodynamic texts, as well as Wilson (1970) itself.
Equilibrium framework
Here we consider the destination constraints of the Wilson and Erlander models to vary over time from t 0 to t x , but so slowly that the system is always in an equilibrium state (no energy is thus dissipated, no friction occurs,-...) (Waldram, 1985 , section 1.4).
As the actual population distributions at the (r-1) intermediate times are by assumption unavailable, they must be estimated as a matter of course. The simplest estimation procedure (linear interpolation) is one which assigns to area / at time p/r (0 < p < r), the sum of {1-p/r) multiplied by the population of area /at time t Q and p\ r multiplied by the population of area / at time /,. In this way, we can construct estimated population distributions at times 1/r, ..., (r-l)/r. One can now, to start the estimation procedure, solve the Erlander entropy-constrained model with the recorded population distribution at t 0 and the estimated one at fy r for a chosen level of entropy (5 1/r ), to obtain the initial area-to-area flows. This yields a minimum value of energy (£ , 1/r -the objective function) consistent with the constraints of the problem. [We consider the (kinetic) energy associated with the movement of m individuals from area / to area j from time t 0 to time t x , r to be m times the square of the quantity that is the distance from / to j divided by 1/r, where we take t { -1 0 to be the basic unit of time.] The estimated flows furnish the beginning (the first step) of the full (Markovian) solution of the extended problem. To find the remaining (r-1) steps of the solution, we are free to pursue strategiesin line with basic equilibrium thermodynamic processes-in which the entropy, the energy or the distance deterrence (inverse temperature) factor (y) is invariant from t 0 to t { .
Isentropic case
This corresponds to a reversible adiabatic process in which the migration system is 'thermally' isolated (Landau and Lifshitz, 1980 , section 11) from its surroundings (heat reservoir), and thus does not exchange energy with it. Entropy is constant and the change in internal energy is solely caused by the work (L) associated with the slow alteration of the constraints. One can solve the Erlander model again with the population distributions at t 0 and now at t 2jr and the same entropy level (5 1/r ) previously chosen. In general, AE, where AE =.E 2 / r -E 1 i r9 will be nonzero (indicative of a nonclosed system). The increment AE can be approximated by ri /=i (Erlander, 1980, page 57) , where a t is the Lagrangian multiplier associated with the constraint on the population (a t ) of destination / at fy r , and Aa t is the population change of destination i between times fy r and t 2 / r . The term a, is a generalized force (analogous to pressure), and a t is a generalized coordinate (analogous to volume) (Sychev, 1983, page 12) . The increment AE can be interpreted as the work (AL) done on the migration system between times fy r and t 2 j r . O ne can now solve the Wilson energy-constrained form of the doubly constrained spatial interaction model for the population distributions at f 1/r and t 2 / r , with £ 2/r as the energy level, for (approximately) the second step of the solution in which we are interested.
[More precisely, one can solve the entropy-constrained model with the level 5i/ r , using the same origin (f 1/r ) and destination (f 2 / r ) constraints.] Iterating these procedures until we have reached t x , we can generate an isentropic solution to the generalized problem posed-that of finding the probability that a migrant has any one of n r+1 possible migration histories. As r -°o and the time intervals become infinitesimal in length, any discrepancies between the alternative uses of the Erlander and Wilson models over the infinitesimal intervals, should vanish. Reversible nonadiabatic solutions (those in which the entropy of the migration system itself changes from time t 0 to t l9 but the combined entropy of the system and its surroundings is constant) can also be constructed.
Isothermal case
Isothermal solutions [in which the distance-deterrence parameter (y)-the analogue of inverse temperature-is constant from time t 0 to *,] can be found by solving the Erlander problem (as above) for t 0 and f 1/r with a chosen entropy level (5 1/r ) and simply ^proportionally (RAS) adjusting the estimates found to obtain the solutions for (f 1/r , t 2jr \ ..., (^-D/,, t { ). The change in entropy (S { -S l/r ) will approximately equal the sum from t 0 to t { of the product of y (the integrating factor) and AQ (Q is reversible heat) (Sychev, 1983, page 12) , where by conservation and conversion of energy AQ = AE + AL.
Isenergetic case
Another possible route to be followed from t 0 to t { is one in which E is held constant-via the Wilson model-over the time intervals. In general, y will then vary over the different intervals. It is of interest to compare the results of such a model with one previously developed in analogy with the statistical mechanics of an enclosed gas (Slater, 1991a; 1991b) . This is discussed next-for the equations, see these two references.
Nonequilibrium framework
A distinctly different (nonsequential or isenergetic) approach to estimating the probability distribution over the n r+l possible migration histories is to maximize the entropy of a probability distribution over these histories (ordered strings of r+1 areas), subject to constraints that the recorded population distributions at t 0 and t x be reproduced, and that the total energy (kinetic and potential) associated with the flows be conserved at the r+1 points of time (involving r+1 constraints, including one fixing the total energy level). The solution to this problem will yield, derivatively, estimated population distributions over the n areas at f,, r , ..., /( r _i)/ r . It would be of interest to see whether these distributions coincide (at least approximately) with the simple linear interpolation (as suggested above in the equilibrium framework) of the distributions at t 0 and t { . (Also, it can be tested whether the center of mass of the nonequilibrium population-distribution moves uniformly-that is, whether linear momentum is conserved.) If the distributions at the same time slices do not coincide adequately, then these new estimated nonequilibrium distributions can be substituted for the interpolated ones in the equilibrium framework and new solutions generated for a constant energy. It would appear that only under special circumstances will the equilibrium and nonequilibrium models coincide.
On the statistical mechanical level, one can view each migrant as a 'molecule' with a position and a momentum at each point of time. [Only positions at two points of time (t 0 and t { ) are conventionally recorded, so estimates must be generated at the other (r-1) times, as well as estimates of the velocities for all these times.] The totality of four-vectors of position and momentum (both variables being described by two coordinates) for all (N) migrants is a point in a 4/V-dimensional phase space. This point evolves over time. We are interested in estimating the most likely trajectory a migration system pursues in this phase space. In an ideal gas, molecules do not interact, and energy is purely kinetic. For nonideal gases, a standard form of interaction of molecules is based on the Lennard-Jones potential (Balescu, 1975, page 187; Petrina et al, 1989, page 193; see Slater 1991a; 1991b for some motivation in the migration context), repulsive at short distances and attractive at long distances. Pairwise interactions between migrants (molecules) can be taken into account by estimating the probability distribution over the \(n r + 1 ) 2 possible pairs of migration histories, subject to constraints that the recorded population distributions at t 0 and t x be reproduced, and that the total energy (kinetic plus potential due to the Lennard-Jones interaction) at the (r+1) points of time be conserved. Triads, quartets, etc of migration histories can also be examined. The relations between the probability distributions over the singlets, pairs, etc of migration histories can, as At -• 0 and n -+ °o, be expressed by the BBGKY (Bogoliubov-Born-Green-Kirkwood-Yvon) infinite hierarchy of equations (Balescu, 1975, page 81; Petrina et al, 1989 , section 2.4) for the evolution of reduced distribution and correlation functions. By making the [Stosszahlansatz (molecular chaos)] assumption that the probability distribution over pairs at any point of time can be factored into probabilities for the constituent points, one arrives at the Boltzmann transport-equation approach (Keizer, 1987 , section 2.7) for the evolution of the probability distribution. In this general approach, one views the population distribution in (discretized) phase space at t x (the terminal state) as the equilibrium state. The Kullback-Liebler (minimum discrimination information) distance (for t x ) from the distributions in phase space to t 0 , ..., t( r -iy r will monotonically decrease-akin to an H-theorem (Weidlich and Haag, 1988, section 13.3)-as t -+ t x . Also, fluctuations about the equilibrium position at t x can be modeled as transport processes, by means of the Onsager theory of irreversible processes (Keizer, 1987, chapter 2) . The thermodynamic forces in this picture would be the rates of change of the Kullback-Liebler distance with respect to the n populations in phase space and the thermodynamic fluxes would be the time rates of changes of these n populations. Near equilibrium the transport coefficients linking the forces and fluxes are symmetric, because of microscopic reversibility, as Onsager demonstrated. The transport coefficients can also be modeled in terms of autocorrelations of fluctuations in population levels in the discretized phase space.
Further discussion
It is desirable in all the models proposed to have the populations of migrants assigned to the nodes of a regular lattice superimposed on the nation, so as to estimate probability densities effectively, rather than simply working in terms of idiosyncratically defined administrative areas. Such an assignment can be accomplished prior to application of the models, through pycnophylactic interpolation (Tobler, 1979) , or in the models themselves through appropriate formulation of constraints and objective functions (compare Slater, 1991a; 1991b) .
Another generalized force that can be incorporated into the equilibrium models, in addition to those associated with the origin and destination constraints, is the chemical potential (Waldram, 1985, page 114) and its associated generalized coordinate-the number (IV) of migrants. The possibility of immigration or emigration from the (internal) migration system can thus be accounted for. One application could be to the study in the United States of within-state intercounty migration, with flows into and out of the state to the other forty-nine states. [In the grand canonical ensemble of equilibrium thermodynamics (Wilson, 1970, page 143) , as well as letting the energy fluctuate about a mean value, one lets TV fluctuate about an expected value.] As IV grows and the distance deterrence increases, under some conditions of intermigrant interactions, phase transitions-in which thermodymamic quantities change discontinuously-might be induced (Balescu, 1975, chapter 9) . Haag et al (1988, pages 309-310) have shown the equivalence at equilibrium of the master-equation approach to the doubly constrained spatial interaction model. Thus, the master-equation model can be rendered formally equivalent to the equilibrium framework presented above, by appropriate choices of migrationprobability transition rates.
In the decennial census of the United States, as in most national censuses, a question is put as to place of residence a number of years {y) ago (y = 5 for the USA) (Slater, 1984) . In the case of Norway, for y = 10, Nicholson (1990) has shown, however, that conclusions based on census-type migration data can differ substantially from findings relying upon more complete, underlying data on all migration registrations during the ten years. No model to reconcile these disparities was presented, however. In fact, Pumain (1988) , though desiring to place French census multiyear migration data on an annual basis for comparison with annual data for West Germany, Sweden, Italy, Israel, and Canada, indicated "there is no model allowing to correct this effect for each flow of migrants appearing in the interregional tables, which have been used as they were for the analysis" (page 135). The models presented here and in Slater (1991a; 1991b) are intended to fill this gap in demographic modeling.
The initial impetus to developing these models stemmed from a combination of work to place the doubly constrained spatial interaction model (Wilson, 1970; Erlander, 1980; compare Dorigo and Tobler, 1983 ) in a dynamic context (Slater, 1987; 1989; compare Nijkamp and Reggiani, 1988) and of a desire to estimate from interaction matrices the (instantaneous) probability transition rates from one geographic area to another. Theoretically, such rates serve as the dependent variables in the (master-equation) approach of Weidlich and Haag (1988)-but instead of these, the authors apparently simply employed crude rates taken directly from census migration tables. They explicitly assumed that the census periods involved were brief enough to eliminate the possibility of repeated moves of migrants. However, Nicholson (1990) has indicated potential dangers in such an approach-though the period (ten years) there was considerably longer than in the comparative studies of Weidlich and Haag and their colleagues. A referee has kindly indicated that the information-theoretic work of Holmberg (1987) and Holmberg and Sarafoglou (1988) , in which a demographic accounting framework is employed, is well suited for use in sequential dynamic approaches, such as that discussed here.
